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Abstract

In this work, fiber suspension rheology in any orthogonal system of coordinates is described in terms of the second- and
fourth-order orientation tensors. At present, the theoretical basis of the dilute and semi-dilute fiber suspensions are
reviewed generally. Due to the symmetry properties of the orientation tensors and normalization condition of the
orientation distribution function the independent components of the second-order tensor are reduced from original “9” to
“5” while the independent components of the fourth-order tensor are reduced from “81” to “13” components in any
orthogonal system of coordinates. Moreover in contracted notation, these components are reduced to “3” and “5” for the
second and fourth-order tensors; respectively. The closure approximation method, i.e. to approximate the even higher
order tensors in terms of the lower order one; herein the fourth-order tensor in terms of the second-order tensor, is used to
solve the equation of state. Various closure approximations are reviewed. Basis of some constitutive models that describe
the rheological stresses in fiber suspensions are outlined. The transition from macrostructure state to the microscopic one
are briefly investigated through the Folgar-Tucker as well as Advani-Tucker models. Finally, exact solutions of simple
shearing flow for dilute and semi-dilute rigid fiber suspensions are performed.
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INTRODUCTION

A fiber is the fundamental unit of textiles and fabrics and can be defined as a unit of matter having a length at least 100
times its width or diameter. In this range the material is said to be rigid-fibers or short-fibers. Other than these dimensions,
fibers are termed as long-or flexible fibers. In industrial applications, fibers are classified into four types, namely glass
fibers, carbon fibers, synthetic fibers and natural fibers. Glass and carbon fibers are added into plastic materials to
reinforce the mechanical and thermal properties with negligible change in weight. The short fibers composite products are
commonly manufactured by injection molding, compression molding and extrusion processes [1]. Most commercial
composites contain 10% to 50% fibers by weight, which can be regarded as being concentrated suspensions. Hence,
composite materials are become increasingly important due to improved physicomechanical properties. Fiber reinforced
composites are of interest in many fields.

The term suspension means any solid particles suspending into a viscous or viscoelastic solvent matrix [2]. Suspensions
occur in a variety of natural and man-made materials:

1. Paints — latex paints, for instance, are stable water-based emulsions of solid monomers.
2. Nano-particle suspensions, nano-fluids, are suspensions of nano-metre sized metal suspended in aqueous solvents.

3. Bacterial suspensions — the fluid mechanics of suspensions of micro-organisms is becoming an increasingly
interesting topic for study. Hydrodynamic interactions in groups of microbes may play a crucial role in the formation
of bio-films, since they serve as a model of non-equilibrium system.

4. Paper-pulp — the process of paper manufacture involves the processing of cellulose fiber suspensions in an
aqueous medium. The orientation of fibers under flow conditions decides the property of final paper product.

Vast quantities of some of the aforementioned products are handled by the chemical, bio-chemical and pharmaceutical
industries. Thus, there is a clear need for understanding the flow behavior or rheology of these systems. The difficulty in
analyzing suspension flow behavior arises because suspensions are quite different of Newtonian fluids. The later, are
characterized by a single material property— the shear viscosity. On the other hand, the above examples suggest that
suspensions may exhibit a wide range of flow characteristics ranging from solid to gas.
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Suspension rheology is more than 100 years old. Einstein’s inaugural dissertation [3] can be considered as the starting
point of suspension rheology. Jeffery is the pioneering one who carried out the theoretical work which the theoretical study
of suspensions continued in earnest from the 1970s with a series of papers by Hinch et al. on various aspects of
suspensions [4, 5, 6]. Jeffery studied theoretically the motion of an ellipsoid immersed in a simple shear Newtonian
viscous flow neglecting inertia and Brownian rotation. He found that the force acting on ellipsoid reduces to two couples,
one tending to make the ellipsoid adapt to the same rotation as the surrounding fluid, and the other tending to set the
ellipsoid with its axes parallel to the principal axes of distortion of the surrounding fluid. In Hinch et al. work, it was found
that including small Brownian motion in a fiber suspension resulted in a stationary distribution of orbits. Further researches
by Hinch et al. included constitutive modeling [7, 8], characterization of fiber suspensions with Brownian motion [9, 10],
and time dependent modeling [11]. Batchelor [12] provided a method of determining bulk stress from the microstructure of
a fiber suspension. He also specified the conditions for the validity of ensemble and its equivalence to statistical process
used often in subsequent theoretical and numerical works.

The properties of a fiber-reinforced composite are highly dependent on the orientation of the fibers. Fiber orientation
affects elastic modulus, thermal expansion, and strength when the matrix is solid; viscosity when the matrix is liquid; and
thermal and electrical conductivity for both solid and liquid matrices. When the composite is deformed during processing,
the fibers reorient and the properties of the material change [1]. The rheological properties and fiber structure are the

results of the interaction among fibers in the suspension flow. The volume fraction V; (total volume of particles in a unit
volume of suspension) and aspect ratio a, (ratio of fiber length to diameter) are two parameters influencing the fiber

structure and rheological properties of suspensions. Fiber interactions depend not only on its concentration, Vfarz, but

also on the length of fibers. Hence, on the basis of mechanical and hydrodynamic suspension interacting forces, a
suspension is said to be [13, 14]:

2
dilute Viar <1,

semi- dilute if 1< Vfar2 <a, 1)
concentrated ViaZ >a.

The rheological properties of these fiber suspensions are classified as the following:

i. Dilute, low fiber concentration is one in which the fibers are never close to one another and do not interact [15, 16].
Therefore, each fiber can freely rotate without any hindrance from surrounding fibers with three rotational degrees of
freedom.

ii. Semi-dilute or semi-concentrated, intermediate fiber concentration suspension would have no mechanical contact
between the fibers, but the hydrodynamic interactions become significant. As a consequence, each fiber has two
degrees of rotational freedom.

iii. Concentrated suspensions, in which the fiber orientation behavior becomes very complex [17, 18]. The average
distance between two neighboring fibers is less than its diameter. Therefore, a fiber cannot rotate independently,
except about its own symmetrical axis. Any motion of the fibers must involve a cooperative effort of all surrounding
fibers and fiber-fiber contacts are dominate.

Usually, polymers reinforced by short fibers are molded or extruded as suspensions with the viscoelastic matrix in a liquid
state. The resulting product is then cooled to make a solid composite with a given fiber orientation that is a key feature of
the finished product since it affects elastic modulus, thermal and electrical conductivity, and strength of the composite
material [19, 20]. Therefore, it is important to model the flow as accurately as possible in order to design and control
manufacturing processes that would generate favourable fiber orientation state, which will ultimately lead to the best
mechanical and thermal properties of the composite.

There are two main aspects in the research of fiber suspension flows. One aspect is to investigate the movement of fibers
in flows. This research field belongs to low Reynolds number hydrodynamics. The other aspect is to investigate into the
new properties of flows caused by the addition of fibers. This research field belongs to rheology. It is basically the
additional stress induced by the fiber suspensions. On the other hand, there are two main ways to depict fiber orientation;
the probability distribution function and the orientation tensor. Fiber suspension rheology has been investigated with
different approaches; namely, experimental studies, statistical and continuum mechanics theory as well as numerical
simulation studies. On this basis, Physicists, Engineers and Mathematicians has conducted in the past few decades a
huge of scientific and industrial researches including dilute and semi-dilute fiber suspensions. Recently, a few theoretical
works concerning concentrated fiber suspensions have been done in the last period [21].

The present article is organized as the following:
= After this introduction, the mathematical basis of the fourth-order stiffness tensor is outlined in section 2.
= Section 3 is concerned with fiber orientation description in the flow domain.
= In section 4 fiber suspension rheology are investigated.
= Some closure approximation models are reviewed in section 5.
= In section 6 constitutive equations for fiber suspensions are examined briefly.

= In section 7 examples of constitutive equations for dilute and semi-dilute fiber suspension are investigated.
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= An exact solution of orientation tensor is discussed in the appendix.
REVIEW OF MATHEMATICAL BASIS
Matrix Representation and Contracted Form of the Fourth Order Tensor Cjy

For most suspensions of fibers in Newtonian and non-Newtonian fluids it is reasonable to assume that the stress tensor
Tjj is a linear homogeny function of the deformation tensor v;;; [22, 23]. That is; in component form:
Tj = Cijw V4> (2a)

where Cj;q is the fourth-order stiffness or elasticity tensor and relation (2a) is termed as the law of elasticity. The tensor

Ciju has 81 components in a matrix form. For a full anisotropic solid (i.e. 3-D random orientation), the following matrix
representation can be constructed:

Ti1 Ci111 Criz2 Crizz Cr12z Crizn Criro Cirzz Criiz Craoa| | 112
T2z Coo1 Co222 Cozsz Cozoz Cozar Coz1z Co2zz Co213 Cozon| [ 7122
Taz Cs311 Caz22 Cazsz Cs323 Cazzr Cazarz Csszzz Caziz Cazon| [V33
Toz Co311 C2322 Cozaz Co3p3 Cozzr Cozro Coszzz Coziz Cozon| [723
Ta1| = [Cs111 Cz122 Ca13z C3123 Cz131 Cariz Caizz Cz113 Caip| | Va1l (2b)
Ti2 Cio11 Ci222 Ci23z3 Ci22z Ciozn Ci2iz Ci2zz Cro1z Cizon| | 112
Ta2 Cs211 Ca222 Caozz Cs223 Cazar Cazo1z2 Cs232 Caz1z Cazon| |13
T3 Cia11 Cizo Cizzz Cizzz Cizzr Ciziz Cizzz Craiz Cizon| | 7113
| To1 | 1C2111 Co122 Coizz Ca12z Co1zr Coi12 Coizo Co11z Coion| | Yor

If the fourth-order tensor C;;q demand the symmetry

Cijk = Cjin = Cjjiks (3a)
as well as the symmetry property

Ciji =Cuij. (3b)
then Cjjy is called a completely symmetric or supper-symmetric tensor. Moreover, the symmetry of T; and \'(ij show that

Ciju is symmetric not only with respect to i and j but also with respect to k and I. Thus each pair of indices in Tj;, Cjjy and

vij; the indices (ij) and (kl), is replaced with a single index that ranges from “1” to “6” [23, 24, 25, 26]; Table 1. Therefore,

the number of components of Cj;y tensor is reduced from a total of 81 to 36 independent one.

Table 1. Relationship between indices in contracted and tensor notations

Contracted notation m or n Tensor notation ij or ki

11

22

33
23 or 32
3lorl3
12 or 21

As a consequence of Cj;y symmetry and by using the contracted notation, it is possible to represent equation 2b in the

OO WNE

matrix form:

foi] =[] ] (4a)

or equivalently;

o1 Ciut Ci2 Ci3 Ciy Ci5 Cyp| |8
62 Co1 Cp Co3 Cpy Cys Cop| |22
o3| _ |Ca1 Cs2 Csz3 Csy Czs Cge| |83 , (ab)
04 Cs1 Ca2 Cuz Cuq Cys Cue| |24
o5 Csi Cs2 Cs3 Csq Css Csp| |85
| 56 | 1Ce1 Ce2 Cez Cos Co5 Cop| |26

564 | Page gjpeditor@gmail.com



Global Journal of Physics Vol. 5, No 2, January 29, 2017
www.gpcpublishing.com/wp ISSN: 2454-7042

in which the contracted notation is used to relate material property matrices o;, C;; and ¢; to material tensors Tj;, Cjjy

and y;; respectively. In this notation the elements of o;, C;; and ¢; are given by the substitution of index pairs given in

Table 1. The matrix [C] is known as the elastic stiffness matrix. Its elements, C;;, are called the elastic constants, or the

ij o
Voigt constants.

Symmetry Restrictions on Tensor Properties

If all elements of a second- and fourth-order tensor properties were independent, a very large number of separate
properties would have to be measured or computed to predict the behavior of relatively simple systems. Fortunately, the
tensor properties obey symmetry relations that reduce the number of independent tensorial elements. If the fourth-order

tensor Cjy is symmetric, it must be satisfy the relation (3a) as well as the symmetry property given in equation 3b then
Cjju is called a completely symmetric or supper-symmetric tensor. Moreover, the tensor Cjjy has a maximum of 36
independent elements and can be represented by the (6 x6) matrix shown in equation 4b. In addition for the symmetry
property, it is usually assumed that the (6 x6) contracted matrix representation of Cj;; is symmetric with respect to its
diagonal

Cij=Cji;ij=12...8, "

then the total number of independent components is reduced from 36 to 21 (so-called Green elasticity). Thus in the most
general case of well-defined anisotropic (triclinic monocrystals) the (6 x 6 ) stiffness matrix has 36 elastic constants, 21 of
which can be assumed independent. Furthermore, these elements are reduced due to the symmetry to 16 elements.
Moreover, due to the relation trC; =1, "tr" means the trace of a matrix or a tensor; the independent component reduced

to 15 only. Hence, the final form of the stiffness matrix can be written as:

[C11 Cip Ci3 Ciy Cis Cig|
o Cp Cy3 Cyy Cys Cyg

C C C C
[Cuiciinid = ©t 3% 784 73 TS0 (5b)
° o e Cyu Cys Cue

° . . ° 055 C56

° ° ° ° ° C66_

where the matrix elements that are represented by dots are symmetric with the off-diagonal elements.
Symmetry Groups

The set of all the point symmetry operations that leave a material unchanged is called its point groups. For crystalline
materials, there are 32 point groups. Most of them contain a number of different symmetry elements. Some of the results
are given in Table 2, which shows the number of independent elements of second- and fourth-orders for 32
crystallographic point groups and an isotropic group. This is the number of properties that one would have to measure in
order to determine the full property tensor. In section 2.2, we assume that, the Green elasticity symmetry condition,

Cij=Cji, is valid for the off-diagonal elements in the stiffness matrix [C] By taking Table 2 into account, the number of

independent elastic constants for materials of higher symmetry (monocrystals or polycrystalline bodies) is reduced as
follows:

Table 2. Basic symmetry classes and number of independent elements of tensor
properties of second- and fourth-orders for 32 crystallographic point groups

Number of tensor independent coordinates
Symmetry class (Bravais lattice)

Second-order tensor | Fourth-order tensor
Triclinic 6 21
Monoclinic 4 13
Orthorhombic 3 9
Tetragonal 2 6
Trigonal 2 6
Hexagonal 2 5
Cubic 1 3
Isotropic 1 2
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Monoclinic monocrystals (13 independent elastic constants):

Cipy Co Cz 0 0 Cgp
Ci2 Cp Cy3 0 0 Cye

Ciz Cp3 C3 0 0 Cge

C inidl = . 6a
[monocllnlc] 0 0 0 C44 C45 0 ( )
0 0O 0 Cy5 Cg5 O
Cs1 Co6 C36 0 0 Cegg

Orthorhombic monocrystals (9 independent elastic constants):
[Ci1 Ciz C3 O 0
Ci2 Cpp C3 0 O
Ca1 C3 Ci3 0 O

O O O O o

[Conhorhombic]= 0 0 0 Cu O (6b)
0 0 0 0 Css
| 0 0 0 0 0 Ces]|
Tetragonal monocrystals (6 independent elastic constants):
[Ci1 C» C3 0 0 0]
Cp Ci; C3 O 0 0
Ciz Cs C3 0 0 O
C = 6C
[ tetragonal] 0 0 0 Cy 0 0 (6¢c)
0 0 0 0 Cyy O
| 0 0 0 0 0 Cgg|
Trigonal monocrystals (6 independent elastic constants):
[Ci1 Ci2 Ciz Cu O 0 |
Ciz Cuu Gz -Ciy O 0
Ciz Ciz3 Gz O 0 0
[Ctrigonal] - C14 _Cl4 0 C44 0 0 (6d)
0 0 0 O C44 C14
| 0 0 0 0 Cyy %(Cll_cﬂ)_
Hexagonal monocrystals (5 independent elastic constants):
[Ciy Ci, Ci3 O 0 0 |
Ci2 Gy C3 0 O 0
Ciz Gz C3 0 O 0
[Chexagonal] =l o 0 0 Cu O 0 (6e)
0 0 0 0 Cyu Cis
|0 0 0 o0 o0 %(Cn—Clz)_
Cubic monocrystals (3 independent elastic constants):
[Ci1 C C, 0 0 0]
Cp C1 Co O 0 0
Cpr Cp Cy O 0 0
[Ceusic] = (6f)
0 0 0 Cyu O 0

0 0 0 0 Cy O
0 0 0 0 0 Cyf
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Isotropic materials (2 independent elastic constants):

[Cio+2Cy, Cio Cyy 0 0 ©
ClZ ClZ + 2C44 C12 0 0 0
C12 ClZ C12 + 2C44 0 0 0
[Cisotropic] = 0 0 0 Cu O 0 (69)
0 0 0 0 Cu O
o 0 0 0 0 Cu

FIBER ORIENTATION DESCRIPTION

Moments of the Second- and Fourth-Order Tensors

The properties of fiber-reinforced composite are highly dependent on the orientation of the fibers in its flow domain [27].
The orientation of a single fiber within a continuous medium matrix can be described in spherical coordinate system by the

unit vector p(6,p) aligned along the axis of the fiber as shown in Figure 1, where 6 and ¢ are the azimuthal and meridian

angles; with 0 <0< © and 0<¢p< 2mn, p is parallel to the major axis of an ellipsoidal particle of a single fiber with
components:

p; = sSinb cos¢; p, = sind sing; p3 = coso. (7)

with, pf +p§ +p§ =1.

s A
Pal~~ P(©.9)
- el
~N
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\\
0 \
\
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~o \ / -
~o \ // P2 X2
(0] \\\ ’l //
~< P
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X1 ~~ -
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Fig 1: Orientation of a single fiber described by the unit vector p in spherical coordinates (6, ¢).

It is unrealistic attempt to develop a theory based on the orientation and motion of individual fibers, and a more useful
approach is that of introducing a probability density function W¥(6,¢) whose value for a given orientation gives the

probability that a fiber has particular direction. The function ¥(6,¢) defined such that the probability of a fiber oriented
between the angles 0; and 6; +d6 and ¢; and ¢; +de as:

p0; £0<0; +dO, @ <@ <@ +de)="TP(0,¢)sin0dode, (8a)

with the normalization condition on the unit sphere,
2n
I I‘I’(&(p)Sin@ d0do =1. (8b)
00
The fiber distribution function is a complete description if the orientation of a single fiber is unrelated with that of any of its
neighboring fibers. However, the calculations with the distribution function are too computationally cost when applied to

industrially relevant flows. Therefore, the introducing of orientation tensors is a suitable way for describing the orientation
state of fibers. The orientation tensors are defined as [28],
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Sij = (pipj) = fpipj‘l’(g)d‘ﬁ, (9a)
‘BZ
Siju :<pipjpkp|>: §Pipjpkp|‘P(E)dm- (9b)
‘BZ
In general,
Si..=(ppj - )= fpip; - PN, (9c)

where %2 is the unit sphere and the bracket < > means the ensample average over a volume domain. The second-

order tensor S;; consists of nine components, however, due to symmetry (S;;=S;;) the components is reduced to six.
These tensor components can be written as:

sinzecosch Sinzesin(pCOS(p sinBcosOcosg
Sij:<pipj>: . sin? 0sin ¢ sinBcosBsing |, (9d)
. . cos? 0

the components of the tensor S;;y have all the information needed to describe the fiber orientation. We are left with even-

ordered tensors only and all the odd are being zero due to the normalization of W¥(6,¢). For most efficient numerical

simulation of the orientation state of fibers, Advani and Tucker [29] have made use of the orientation tensor which was
originally introduced by Hand; [30]. The microstructure is often characterized by these second and fourth-order moments
of the fiber distribution function. The normalization conditions in Equations 8b show the two fundamental symmetry

properties of Sj;:

Sij :Sji and Sii =1. (10&)

Similarly, any perturbation of the four subscripts keeps Sj;4 constant,

Siijj:]' and Sljlj:]' (10b)
Moreover, owing to Equations 3 for the symmetry properties of S;;4; the following relations are obtained easily between

the components of the two tensors S;; and Sjj; namely:

Sij = Sijik » Sip1+Sip2+Siga =Sij;  Siju =Sijkpp- (10c)
Therefore, on the basis of Equation 8b the components of S;; are reduced from original 9 to 5. Similarly, there are "13"
independent components of Sj;y [20, 31].

Although the tensors may seen an unusual means to describe fiber orientation, they have a simple physical interpretation.
The main diagonal components indicate the magnitude of the fiber alignment in the direction of the reference frame, and
the off-diagonal components show the rotation of principal orientation axes with respect to the coordinate system. If the

fibers are randomly distributed, ¥ = 4i , the second- and fourth-order tensors are said to be:

T
1
Sij 256”, (lla)
or
1
3 0 0
Sj=|0 % 0], (11b)
1
00 3
where §;; is the components of the second-order identity tensor | (8;; =1 0 for i=j, i=j)and for
Sijkl :i(Sijakl +5ik6j| +6i|6jk)' (11C)
15
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Figure 2a shows isotropic orientation state, with equal orientation distribution in all directions. If all the fibers lie in the
X1X5 -plane, Figure 2b, which corresponds to planer random orientation state S;; is simply:

0
0|. (11d)
0

Sij =

o O N
oNk O

For perfectly aligned orientation in x, -direction, Figure 2c, S;; is written as:

S; (11e)

10
;=0 0
00

o O O

We can then observe that, the orientation tensor S;; is symmetric and has a unit trace (trS;; = 1) due to the unit length of
p and the normalization condition. For a completely random orientation state S;; = %Bij and the limit that all the fibers are

perfectly aligned in the x -direction the only nonzero component of Sj; is S;; =1. We limit our discussion to the second-
order and the fourth-order tensors because they are rheologically sufficient.

° - ° - e —
\\/;\'/ SLNG [(T—= =
o\/§ ol. o___ o/. —___ :.
A <> —— =7 — =,
L~ DR |7 =
X, — o \ / —_ ) —_ —
(a) 3-D random (b) planer random (c) aligned

Fig 2: Example of different orientation states.

The Matrix Representation in Six Dimensional Space

As will be indicated in the following subsections, the fiber orientation distribution can be visualized by using eigenvalues |,
Il and Il and eigenvectors €; (i=12,3) of the second-order orientation tensor §2 ; Figure 3. The eigenvectors indicate

the principal directions of fiber aligned and the eigenvalues give the statistical proportions (0 to 1) of fibers aligned with
respect to those directions &; (i=1, 1}, 1.

\4

X2

Fig 3: Schematic representation of orientation distribution by the second-order orientation tensor.
If the stress and the rate of strain deformation second-order tensors t; and y;; has t; and e; components where t; and

e; are the principal stresses and strains, then in the six-dimensional space the following representation can be observed
[32].
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¢ Cit G Ciz Ciy Cis Cyp
th| |Ci2 Co2 Coz Coyy Cps Cye
t| |Ciz Coz Cs3 Czq C3zs Csp
O] |Cua Coq Gz Cuq Cys Cye
0] |Cis Co5 Cz5 Cys Css Csg
0) \Ci6 Co6 Cz6 Cus Cse Ces

The last equation, in shorthand form, can be rewritten as:

tprinc _ CAA CAB eprinc
0 Cga Cgg/l 0 )

with A=123and B=4,5,6
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FIBER SUSPENSION RHEOLOGY

A comprehensive treatment of fiber suspension flow in complex geometries involves flow-orientation coupling is
investigated [33]. It is well understood that fibers orient in response to flow kinematics, while the suspension rheology is
defined in the concentration and orientation of the suspended fiber. Flow simulations that incorporate flow-orientation
coupling further emphasize the need for including these fully coupled evaluations to make accurate predictions in certain
geometries.

Jeffery's Model

Jeffery's model of fiber suspension requires uninteracting fibers, and hence it is thus valid in the dilute and partially-dilute
regimes only. Most typical industrial applications are in the concentrated regime, and as such the Jeffery's model is clearly
not sufficient for industrial use. The motion of a single fiber in a Newtonian flow can be described by Jeffery’s model under
the following assumptions [31]: (1) the fiber may be represented by an ellipsoid of revolution; (2) no-slip conditions prevail
at the surface of the fiber; (3) the velocity field is only locally perturbed by the motion of the fiber; (4) there is no interaction
between fibers; (5) the flow far from the fiber is steady and homogeneous on a length scale that is large compared to the
fiber dimensions; (6) the motion is sufficiently slow that inertia forces are negligible; (7) the fiber translates with the fluid
velocity as a function of location through the part thickness. Jeffery's model in its vector form and index notation is written
as:

Dp .

——p--a-p+ai-p-7:pPp). s
Dp; . _ .

FT =Pi =i P +°‘(Yijpj _Yklpkplpi), (13)

where « is a constant defining the ellipticity of the particle and termed as the shape factor of the fiber, it depends on the
fiber aspect ratio a, as:

2_
- (13¢)
ar +1

for slender fibers a —1. In equations 13a, D/Dt=¢/at+(v-V) is the material time derivative, y:%[v\_/ + (V\_/)T] is the
deformation (stretching) tensor and o = % [Vy - (V\_/)T] is the vorticity (spin) tensor.

Equation of Continuity (Fokker-Planck Equation)

For dilute suspensions, the kinetics of orientation distribution function ¥ is governed by the equation of continuity for ¥ or
the so called Fokker-Planck equation [29]; namely,

DY .

—=-v, -|p¥), 14

Dt P (E ) (14)
where V,, is the surface gradient operator in orientation space and (pw) is the flux probability. To solve Equation 14 for

¥, a constitutive relation for the time rate of change of the fiber orientation vector p is needed.
Equations of Motion for s; and s

Instead of performing the integration and tedious calculation of the distribution function, an equivalent system of differential
equations can be written that characterizes the orientation evaluation in terms of the tensors S;; and S, . Consider the

second-order tensor Bij(g):pipj for i,je{l 2, 3} is related to the second-order orientation tensor, S;, through
integration as:
§‘PB” % = f\yp,p, dot=s;, (15a)
"2 R?
multiply the equation of continuity in Equation 14 with Bj;
B =V, - ¥ By, (15b)

and performing integration over the unit sphere R?;
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ff B9t = - ifv (p¥ %, (15¢)

R

the left hand side of Equation 15c is desired from the equation of motion for the second-order orientation tensor S;; which
is seen to be:

DY D D DS;;

—B~d*}{:—§‘I’B--d*){:—§\I’ 0dR = 16a

§Dt . Dt J y Dt J PiP; Dt (162)
R R

0?2
The chain rule may be used to expand the right hand side of Equation 16a. Therefore, the equation of motion for the
second-order orientation tensor becomes:

DS;;

—2 = §pv-(pip; ) o, (16b)
®2?

the right-hand side is the rate of change of motion due to hydrodynamic forces, which is essentially the same as given by
Jeffery's equation. By using the chain rule, we can rewrite the right-hand side of Equation 16b in the following form:

§p‘P'(pipj)d5R:—(@ikSkj _Sik(”kj)"' a(\"ikslq‘ + Sikvy —ZYMSijM)- (16¢)
%2

Therefore, the equation of motion for the second-order orientation tensor S;; is obtained by combining Equations 15b and
16c¢ to obtain:

DS; ‘ -
F:_(m‘kski - Siayg )+ oSy +Siciig — 27uSiju). (17a)
or
DS
5 - =2 _ _|y.5 — ) . o
S,= e =S, -8, o158, 12008, ) (17b)

In the same manner, the equation of motion for the fourth-order orientation tensor Sjjy is given as:

DSjj
D]J: = _((Dimsmjkl - Sijkmwml + u)ij”dm — Si“m(,omk) (170)
* Ol(Yimsjklm + ¥jmSikm * YinSijim + VimSijkm — 2§’mnSijk1mn)
or
——=4_-ys.S -S . o, o
S, ot 2923, 2*2(1 S, 38, 21-26) (17d)

Effect of Interaction among Fibers

Modeling the interactions between two fibers in a fluid suspension is difficult. It is assumed that fiber interactions are due
to volume averaged effects. The model for fiber interactions is similar to the theory of rotary Brownian motion where
ellipsoids experience small forces as they collide within the suspension causing torques on each ellipsoid. To take into
account the fiber interaction effects in semi-concentrated suspensions, Folgar and Tucker [34] proposed the inclusion

interaction of a diffusion term, a flux vector q through Equation 14 i.e.,
—=-V,-(p¥ +q), 18
=V, (B +a) 18)

with the increase of suspension concentration, fiber-fiber contacts also increase, causing deviations from the orientation
state observed in dilute suspensions. The diffusive flux vector q represents a phenomenological way to account for these

deviations. In order to model the diffusive flux vector in Equation 18, Folgar and Tucker suggested the relationship:
9=-v(>,¥), (19)
where D, is the rotary diffusivity. At present, it is sufficient to assume that D, may be a function of (6,¢) and as such

cannot be brought out of the gradient operator. When the assumption of Folgar-Tucker is taken into consideration, the flow
of fiber is given by the equation of continuity:
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DD—T =V, [9\11 - Vp(Dr‘I’)]

(20)
=V, ~[E)‘P]+ va,v]

where VS represents the Laplacian operator on the orientation space. In case of Jeffery's model, no fiber interaction

occurs and hence the rotary diffusion expressionD, =0 .

By the same method given in section (4.3), the equation of motion for S;; with introducing the diffusion term, is given by:

DS;; : : .

th = _((DikSH - Sik(DN )+ a(yikSkj + Sik"/kj - 2Y|<|Sijk|)+ 2Dr (5” - SSIJ)' (213)
or equivalently

| Jealis, s, 12 (1-3s,)

=2 2.22_22.2+a(z.§2+§2.z—zz.§4j + o f1-ss ). (21b)

-,
hydrodynanic contributbn Diffusive contributbn

In the same manner, the equation of motion of the fourth-order tensor S; is:

DSijk|

TR _((‘)imsmjkl = Sjjkm®ml + OjmSikm —Sijlmwmk)
+ 0t(ﬁ/imsjklm + Yim Sikm + Ykm Sijim + YimSiju — 2Ymnsijklmn) (21c)

+ ZDr [— 1OS”k| +Sij8k| + Sik6j| +Si|8jk + Sjk8i| + Sj|8ik +Sk|5ij] .

The evaluation of the second-order orientation tensor requires knowledge of the fourth-order orientation tensor S;jq, which

induces the classic closure problem. The time required to compute the evaluation of the second-order orientation tensor

Sjj is significantly less than the computational time required to evolve ¥(p) once an approximate method is selected to

approximate the fourth-order orientation tensor Sjy.

More about the Constant D,

For three decades, approaches to model fiber orientation while incorporating fiber interaction effects, are based on Folgar-
Tucker model [34]. Their model introduces interaction between fibers through forces similar to Brownian motion. For non-
dilute suspensions, Folgar and Tucker hypothesized that fiber interaction acted similarly to isotropic diffusion and a result
added diffusion like term to Jeffery's equation. They proposed a diffusivity function based on the rate of deformation tensor
y and an empirically derived parameter C, termed as the interaction coefficient; defined as:

Dy = CI“Z“ (22a)

where C, is assumed to be a function of volume fraction V; (a large C, implies more fiber-fiber interactions) and “y“ is

the scalar magnitude of the rate of deformation tensor; H Y H = /%(y DY) with vy =i 75i -

By assuming the diffusivity term is of the form given by Folgar and Tucker, Equation 21a, and using Equation 22a the
resulting equation of motion of the second-order orientation tensor is written as:

DFSIH = —((Dikskj = Sjky )+ a(?iksm' + Sty — 2\.'klsijkl)+ 2C||| Yij||(5ij - 3Sij)1 (22b)

the particle shape factor is very close to unity due to the large length-to-radius ratio of fibers; i.e. slender model. This
model yields exceptional results compared to previous theories, and has been considered the standard throughout both
the industrial and academic communities. The Folgar and Tucker model is considered to be the benchmark for fiber
orientation analysis during processing and has found wide acceptance in the literature. The empirically determined

interaction coefficient C, ensures that the final orientation state is accurately captured.
The Folgar-Tucker model allows for the control of the steady state fiber orientation through the magnitude of C, but the

rate of fiber reorientation is still dominated by the flow field for typical values of C,. Small values (16x107™* to 1x107%)
[29] typically provide a good fit to experimental fiber orientation data. Bay [35] developed an empirical expression for
concentrated suspensions ( Vi > ar‘l),
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C, =0.0184 exp(-0.7148 V; a,) . (23a)
Equation 23a predicts that C, decreases for increasing V; a,, a result explained by a proposed caging effect.

Phan-Thien et al. (2002) [36] proposed a model in which C; increases with increasing V; a, as:
C, =M[1-exp-NV; a, )] , (23b)

where M and N are constants. Phan-Thien et al. [36] determined M=0.03 and N=0.224 by fitting Equation 23b to
experimental data in comparison with Folgar and Tucker model for various suspensions of nylon fibers subject to simple
shear flow. Recently, the parameter proposed by Sepehr et al. (2004a); [37], can be incorporated into the Folgar-Tucker
model as follows:

DFStlj = (x[(coikSkj - Sikmkj )+ (y,kSk] + SIkYKj - 2’.Y|<|Sijk|)+ 2C||| ’Y”" (6|J - SS”)] . (23C)

To solve Equations 22b and 23c closure approximation approach is needed to express the fourth-order tensor Sy in

terms of the second-order tensor S;;.

CLOSURE APPROXIMATION

The evolution equation of any orientation tensor contains next higher even-order tensor; say S;; in Equation 20a contains

Sijy and Syjy in Equation 20c contains Sjjymn and so on. Thus, one needs a closure approximation to close the set of the
evolution equations of the orientation tensors. A fourth-order closure may be expressed as:

Siji = Fji(Smn) » (24)

where F;y is a function of the second-order tensor S,,. There have been many methods proposed to address the
closure problem.

Most types of closure approximations are Linear (L), quadratic (Q) and a Hybrid (H) which is being a combination of (L)
and (Q) closure approximations. One of the popular models used in the numerical simulation of real manufacturing
processes, such as injection molding, compression molding, is the (H) closure approximation [29, 38, 39] since it shows
stable behavior of fiber orientation state with reasonable computational efficiency.

A Hybrid closure approximation has readily been used for its stable behaviors in spite of its over prediction of orientation
components compared with distribution function approximation. Cintra and Tucker [26] developed orthotropic fitted closure
approximation by assuming that the principal directions of the fourth-order orientation tensor S;y are functions of the

eigenvalues of the second-order orientation tensor S;;. Known parameters where determined by fitting selected flow data
obtained from probability distribution function.

Orthotropic closure approximation shows better behaviors than previous closure approximation but unfortunately suffers
from non-physical oscillations at low value of fiber-fiber interaction coefficient C,. Chung and Kwon [40] have proposed
Orthotropic closure approximation [41] which overcome such problems of non-physical oscillations. However, such
orthotropic type closure approximation require additional computation time for the transformation between the global
coordinate system and the principal coordinate system. In this respect, Chung and Kwon [42] have proposed invariant
based optimal fitting closure approximation, which significantly reduces the computation time. Finally; equation of the
hybrid closure approximation which is a combination of linear and quadratic closure approximations as well as other
closure approximations are, summarized by the following equations:

Linear Closure Approximation (L)

An even simpler closure approximation is the linear one which originally introduced by Hand [43]:

-1 1
Sij = %(Sljskl + 5”(8“ + 6i|6jk)+ ?(SIJSkl + Sik8j| + Silajk + Skl 8'] + Sjlsik + Sjksil)' (25a)

In general form:

L -1

N S 1
M (44+N )@ +N)

W(SHBM + Sik6j| + Si|8jk + Skl 6” + S'|6ik + Sjk6i|) , (25b)
L

(5ij5k| +5ik8j| +6i|6jk)+ j

where N refers to a space dimensions; i.e.,

NL:

{2 in 2D,
(25¢)

3 in 3D.
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This closure approximation is exact for a random distribution of fiber orientations (an isotropic suspension). Also, it is
exact for a completely isotropic distribution of fiber orientations,

Sij =SiiSk (25d)
which is exact for aligned fibers.
Quadratic Closure Approximation (Q)
This closure is exact (and not approximation) for perfectly aligned fibers;

S =SiSu - (26a)

Although the quadratic closure is frequently used with an other closures, it does not obey the symmetry requirements for a
fourth-order orientation tensor, i.e.

SR # Sy Vo kI (26b)

Hybrid Closure Approximation (H)

The hybrid closure proposed by Advani and Tucker [29] is the most widely used method in industry because of its
algebraic simplicity and numerical robustness. As we have seen in the last two subsections, the linear closure
approximation is exact for random distribution of orientation while the quadratic one is exact for highly aligned fibers. The
hybrid closure approximations have proposed to improve the accuracy for the intermediate cases of fiber orientations and
still remain exact at two limits. It is a linear combination between the quadratic closure and the linear closure as:

Shu =A-NSiy + 1S, . (27a)
where "f" represents the scalar measure of orientation (weighting function) with,
f=1-Nydet(s; ), (27b)
and
Ny ={4 in 2D, (27¢)
27 in 3D.

Two expressions for the weighting function "f " in terms of the tensor §;; have been suggested by Advani and Tucker [29],

such that "f =1" for perfectly aligned fibers (as one expects in steady uniaxial extension) and "f=0" for completely
random distribution of fiber orientations (an isotropic suspension):

Natural Closure Approximation (N)

The natural closure approximation [44] is formed through the fitting process of the general expression of a fully symmetric
Sijju in terms of Sj;. This type of closure in two dimensional case takes the form:

S!}lkl = é [det(S”)](S,lSkl + Sik6j| + 5i|8jk)+ %(SIJSH + Sik8j| + Si|6jk)l (28)

Invariant Based Optimal Fitting Closure Approximation (IBOF)

This closure starts with the most general expression of the fourth-order tensor  S;;y in terms of the two second-order

tensors S;and §;; as follows [42]:

Siju = B|F(5ij5k| )+ BZF(6ijSkI )+ BsF(SijSkl )+ B4F(5ij5km Sl )+ BsF(SijSkm S )+ BGF(SimSijkn Shi ) (29a)

where the operator "F" indicates the symmetric part of the argument for instance; i.e.,

1
F(Tiju) = z(TijkI + ik + Tijik + Tjine + Twij + Tigj + Tiji + Tigi + Tisgt + Tigji + Tigj + Tialj (29b)
+ Tjiik + Tijik + Tjia + Tijia + Ttk + Tiije+ Ting + Tiig + Tjir + Tigit + Tjwai "'Tkjli)-
Invariant based closure assumes that the coefficients B;—Bg are polynomial expansions of the second and third
invariants of S;;; i.e., Il and Ill. It can be easily shown that, among the six B;'s in equation 29a, there are only three
independent values with the rest being determined in terms of the three independent ones with the help of the
normalization conditions and full symmetry between indices together with Cayley-Hamilton theorem.
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The Neural-Network-Based Optimal Fitting Closure Approximation (NNBOF)

This closure approximation was developed recently by Jack et al. [44] . It assumes two-layer neural-network between the
second and fourth-order orientation tensors §2 and §4 as follows;

mil

= fz[Qz 'fl(Ql §2 +b1)+ bz] : (30)

where §4 and Sz are, respectively the independent values of §4 and §2, Q; (i=1 2) are the net-work weights, b; are

the net-work bases and f; are respectively the hyperbolic tangent transfer function and the pure linear transformation

function. The neural-network closure approximation is accurate for a wide range of the flow fluids, and also its
computational time is much lower than the orthotropic closures.

CONSTITUTIVE EQUATION FOR FIBER SUSPENSIONS

There are two ways to construct the constitutive equations for fiber suspensions: the continuum mechanics approach and
microstructure modeling. Several constitutive models have been proposed to describe the stress tensor for a suspension
of particles in a Newtonian fluid. The constitutive equations for such systems, either obtained by invoking continuum
mechanics or by using microstructure information, have the same form despite different starting points. In general, the

total viscous stress tensor for the suspension, Tij, is taken to be the sum of the stress contributions from the Newtonian

n

suspending fluid, Tij» and from the fiber, r,f] Hence, the resulting constitutive equations for the suspension can be

expressed as:

f
T = ri'} + T, (31a)

Tij = —P3jj + Moy, (31b)

where p, is the solvent (dynamical) viscosity and P is the hydrostatic pressure. To model the fiber stress tensor, Advani
and Tucker [29] assume that:

T =loVs [“11’ S, uz(z 15, +85,¢ y) +HgY + 2”4Dr§2:| : (32a)
or, in component form,
f . . . .
Tjj = Mo Vi [H1Yk| Siju + Hz(YikSIq' +SikYy )+ Hayij + 2H4Drsij]1 (32b)

pi (i=1 2, 3,4)are positive material parameters specified by the particle aspect ratio, a,. The term involving D,
accounts for Brownian motion. Most constitutive models for dilute and semi-dilute suspensions differ from each other
based on how the material parameters p; are defined. The explicit expressions for p; suggested by different constitutive

models have been discussed and reviewed [9, 31, 45]. Examples of these parameters are shown in Table 3.

Table 3. Explicit expressions for p; suggested by different constitutive models.

Models Material Parameters
Hinch et al. (1972) ) a2 6In2a, —11 0
M2 M2 on@ay 18 BT 2 T
a?

Lipscomb etal. (1988) | py =2, pu,

" 2lna,’

Shagfeh et al. (1990) o =

16a3 In(-InV;) 0.6634
- {1+ L : Hy=p3 =g =0.

3InV¢ InV; In Vs

For a slender particle, particle thickness can be ignored producing p, and ps equal to zero. If the particle is large enough

so that Brownian motion can be ignored, last term containing D, can be omitted. Therefore, typical fiber stress tensor for
dilute suspensions can be expressed as follows:

f .
T =Hok1Vs Tk Sij (33a)
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and

a2 a2

= ~—1 33b
H ‘InZar—%) Ina, (33b)

In semi-dilute suspensions a hydrodynamic interaction between the particles exists. For such material systems, an
expression similar to equation 33a was proposed by Dinh and Armstrong [46] as:

o AN S. (34a)
i ~Ho Binzn/a) 47K

where "n" is the fiber number density, " ¢" and "d" are the length and diameter of the fiber and "h" is defined to be the
average fiber spacing as:

h= {(M)llz2 ) for aligned orientations, (34b)
(n¢<)~= forrandom orientations.

Finally, the constitutive equations are supplemented by:
The equation of conservation of linear momentum; Cauchy's dynamical equation of motion,

p%ﬂ';w@, (35a)
in which "p" is the mass density and "b" the body force per unit mass and v is the velocity.
Continuity equation (for incompressible fluid);

V-v=0, (35b)
Fiber equation of state;

D—EZ:—(QS -S -co)+[3[«'{~8 +S -y—zy:sj+2D,Q—3s ) (36)

Dt =2 =2 = I =2 =21 "1'=4 =2

In addition, we have to specify boundary conditions. Therefore, we assume for convenience the non-slip condition:

v=0 onthe boundary T, (37a)
(no boundary condition is specified in respect of the orientation tensor) and the initial conditions:

ux 0)=vy, S,(x0)=S)  onT. (37b)

Examples of Constitutive Equations for Dilute Fiber Suspensions

Ericksen Equation

In the dilute range, the fluid behavior around each fiber is unaffected by the other. The medium is known to be governed
by the Ericksen equation of state [47].

EZ_P‘ZJFZHOYJF“ZYEBEB' (38a)

where the rheological parameter p,, for a given aspect ratio a,, is given by:

2
a
o :f_”o_ (38b)
Ina,

Lipscomb et al. Equation

Following Batchelor [48] and Evans [49], Lipscomb et al. [31] have proposed a model for dilute particle suspension, which
can be written for ellipsoids with high aspect ratio as:

©= P+ 20§+ oV (mai 1278, ). (39)
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The last term in equation 39 describes the coupling between hydrodynamic forces and fiber orientation, hence p, is

2
termed as the coupling coefficient. Lipscomb et al. [31] suggested that p; =2 and p, = lar , and Evans [49, 50] further
na,

8ar2

3ina,

derived from the slender theory of Batchelor [51] to obtain p, =

Examples of Constitutive Equations for Semi-Dilute Fiber Suspensions

In the semi-dilute range, the medium is submitted to two additional types of interactions namely, the “fiber-boundaries” and
the “fiber-fiber” which affect the dynamics of the flow. These interactions appear either between the fiber and the
boundaries or between neighboring fibers. The “fiber-boundaries” interactions are negligible with respect to the “fiber-fiber”
interactions.

Batchelor Equation
A general constitutive equation for the bulk stress in a semi-dilute suspension containing cylindrical fibers was originally
developed by Batchelor [51]. The equation can be expressed in the form of orientation stress tensors as follows:

T=Hoi + 3 Hp [(oppe )2 3(pp)] 7. (40)

where p, = % nnLguos is the fiber extra viscosity and ¢ = [In(2rp)]‘1 .

Dinh-Armstrong Integral Model

The bulk stress in a suspension of particles in a Newtonian fluid obtained by Batchelor [51] has two separate parts, one
due to the viscous dissipation of the fluid and the other due to the presence of particles. This model provides a direct link
between the micro-structural properties and the macroscopic rheological behavior of a suspension system. Dinh et al. [46]
applied this model to semi-concentrated fiber suspensions and obtained the rheological equation:

3
T=- HOZ{1+ % % : J-BBBB ¥ (p,1) dB} , (41a)
with
R R (N (416)

where A is the deformation gradient; (vy)T . When equation 41a is combined with equation 41b the constitutive equation
for the fiber suspension is reduced to:

oL s J. oo (42a)
2Rl  ag @ D) I (AT A pp)?2 |

The product [AT - A] appearing in equation 42a is known as the Cauchy strain tensor. It is sometimes convenient to use a

finite strain tensor y[O] = [AT -A —!] in terms of which equation 42a becomes:

S : (42b)

S P nL3 J-
SR T 48 In@n D) ) (100 )2

Equations (42a) and (42b) are similar in form in the way kinematical tensors appear to results obtained by Doi and
Edwards [52] and Curtiss and Bird [53] for concentrated solutions of flexible macromolecules.

In the Dinh-Armstrong model and for cylinder bodies; the stress tensor in the dilute case is given as:
E:poi/+ uoNi(:§4, (43)
where N is defined as a dimensionless suspension parameter which includes the combined effects of volume fraction V¢

and fiber aspect ratioa, .

The General Constitutive Equation

Finally, a general rheological constitutive equation for suspensions of axisymetric particles can be represented as follows
[22]:
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Tjj = Ho¥ij +Mo Vs [A“'{klaijkl +B(Tikay +aikvy) + Cvij +2FaijDr] , (44a)

where A, B, C and F are material constants which depend on the geometric shape factor. Various theories differ in the way
which the constants A, B, C, and F are derived. For a slender particle, where thickness can be ignored, producing B and C

equal to zero. If the particle is large enough so that Brownian motion can be ignored, the last term containing D, can be
omitted. Therefore, typical constitutive equation for fiber suspensions can be expressed as follows:

Tij = HoYij THo Vi ATk Sk (44b)
APPENDIX

Simple Shear Flow

Simple shear flow will, as usual, be analyzed in a coordinate system where x; defines the flow direction, x, the direction
of the flow gradient and x5 the natural direction:

000 Joio
v\_/:yoo,gzzyoo. (A-1)
000 000

The rate of shear y may also in general be understood as a function of time, but is a constant, say y , in steady shear
= =0

flow. For such flows, three rheological properties, namely the transient shear viscosity p,, first normal stress coefficient

‘¥, and second normal stress coefficient ‘¥, , are of great importance. These rheological parameters are defined as:

T12 T11— T Top — 1T
Mo =77 \}’1:11—222, qlz—_u (A-2)
d i

where 144, T, and t33 are the normal stresses and 14, is the shear stress.

In the following, the solution of Jeffery’s equation of motion for dilute fiber suspension; the exact formula, in simple shear
flow is performed.

Analytical Solution of Orientation Tensors

Consider the motion of a rigid neutrally buoyant ellipsoidal particle in an arbitrary homogenous flow. The time rate of
change of the orientation vector r_)(e, ¢) of an ellipsoid of revolution can be expressed as:

pi = (‘Dij +0W”ij)pj — oaPiPIPK YK - (A-3)

Following Bretherton's work [54], the solution of equation A-3 with the initial condition p; = piO ; t=t, can shown to be,

_ Eip?
Pi = ( oo )1/2 ’ A9
EimEiPjPm
where E;; are the components of the particle rotation tensor, defined by:
dE.. )
d_t” = (o + 0"{ik)Ekj : (A-5)

Equation (A-4), with the initial condition E =1 (unit tensor), provides the analytical solution of the rotation vector p(6,¢);

and is valid for both two and three-dimensional flows and orientation fields. For infinite aspect ratio fibers (i.e., slender
fibers) a=1 the rotation tensor E;; becomes the actual strain tensor of the flow field and equation A-5 reduces to:

_ aXi

Ej=—s
6xj

j ' (A'G)

where x; and x? are the fluid particle coordinates at t and t°(t° <t), respectively. Hence, for a=1; Ejj is defined as
the strain tensor for the undistorted flow.
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In order to determine the particle rotation tensor components in terms of velocity gradients for planer orientations, two sets
of differential equations, given by equation A-5, need to be solved with the initial condition E =1, [55]. Each set contains

two coupled ordinary differential equations and can be solved independently. After obtaining analytical solutions of
equation A-5, the orientation vector components can be easily calculated for any initial fiber orientation by using equation
A-4.

For any two-dimensional homogenous flow, the velocity gradient tensor can be specified as:

oy

o O0X1 0%y _ C Cq1 R

Wi ouy oup ‘[CZ —c}' &
6X1 6X2

where ¢, ¢; and ¢, are arbitrary constants, and the trace of u;; should be zero to satisfy the conservation of mass for

incompressible flow. A single parameter w?

velocity gradient tensor.

can be utilized to define the solution families of equation A-7 with an arbitrary

> 02(B% +4c?)-A2
B 4

w , (A-8)

where B=c;+c, and A =c;—c,. Depending on the value of w?, three different solution families are possible as shown
by Akbar and Altan [55].

When w? = 0,
1+ oct —(aB AN
Ejj= (A-9)
M 1-oct
L 2
When w? >0,
[ wcosh(wt) + o c sinh(wt) (aB + A)sinh(wt)
- w 2w _
Bi=|  («B—A)sinhwt)  wcosh@t)—acsinh(wt) | (A-10)
L 2w w
When w? <0,
w cos(Wt) + a.c sin(wt) (aB + A)sin(wt)
- w 2w ,
B (aB — A)sin(wt) wcos(wt) —acsin(wt) | (A-11)
2w w

In equation A-10 w is defined as w = sz‘ . Equations (A-9) — (A-11) are the possible solutions for particle rotation tensor

and can be used in equation A-4 to specify the rotation of both oblate and prolate spheroids subjected to an arbitrary
homogenous flow.

If the initial distribution of particle orientation is known, the time-dependent evolution of orientation distribution function can
be obtained analytically. For planer orientations, using normalization condition as given in equation 8b, the initial condition
for randomly oriented particles becomes:

W(p, t=0)= % . (A-12)

Therefore, for random initial condition, the solution of the Fokker-Planck equation; equation 14 with equation A-3 can be
expressed as;

1 -1
Y@ == (AmAgpipm (A-13)
where Aj; is the inverse of particle rotation tensor E;;. Equation (A-13) can be rearranged by using planer orientation

angle ¢ as;

1 2 1 ; .2 Y1
Y(pt)=—lacos” 9+5aysin2¢p+agsin“g) (A-14)
T
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where
2,2
a; = A1+ A%,
ap = 2(A1A10 + A21A22), (A-15)
2 2
asz = AlZ + A22.

Determining analytical solutions of the second- and fourth-order orientation tensors involves calculation of the integrals

given by equations 9a and 9b. For the second-order orientation tensor S;;, the resulting integral becomes:

s 1 t cost* 9 ¢sin©2 ¢
Y 4 a; cos? ¢+38,SiN2¢0+ag sin® ¢

do (A-16)

where { =i+ j. Similarly, the fourth-order orientation tensor Sy can be expressed as:

17 cos®9 ¢ sinc4 ¢
.y

do, (A-17)
3 a, cos? ¢+3a;siN2¢+ag sin? ¢

where {=i+]j+k+I. Consequently, the S; components are obtained as:

Sii- ziAl o2 - 2(ag —a)(1-a3), (A-18)
Sip= 2—11 [232 —ap(ay - 33)]’ (A-19)
Su:§§E+a%—@aﬁml (A-20)

From equation A-17, the S;;y components becomes:

_ (a;—3ag)[(ag - a3)2 - a%] + 4a§ (a1 —ag) N 2a‘31 + 2a§a§ + a‘21 - 4a1a§ - 4a1a§a3 + Zafag

S1111 (A-21)
2A2 N3A,
daga,(a; —ag) +ay[(a; —ag)’ —a3] a,(3aiag —aas —2a.a3 —a3
Sy, =22 2(a1—az) g[( 1-a3)" —a3] | ay(3aias 122 133 3), (A-22)
2A9 A,
2 .2 2,2 3 2,2, 2.2 3
a; +ag)[(a;—az)” —a azas —2a,a3 + 4ajaz +ajas —2aja
81122:( 1 +a3)[( 1 3)” —85] 8335 —2a.33 495+ ~ 209 (A-23)
2A9 AA,
2,2 2 .3 2 2
ay[—(a; —ag)” +as5]+4aa,(ay —a ay[3a;a3 —a; —2ajaz —asa;
Sizpp = 2[—(a-2a3) 2; 13p(a) —a3) | 8p[3a,33 1209332} sl (A-24)
2A9 A,
(az —3ay)[(ag - 613)2 - a%] - 4a§(a1 —ag) a‘z1 - 4a1a§a3 + Zafag + Zafag + 2&1{1 - 4afa3
So222 = > + > . (A-25)
where Alz(al—a3)2+a§ and A, :,l4a1a3—a§ .
Second and Fourth Order Tensor Components of Simple Shear Flow
The velocity gradient tensor for a simple shear flow is expressed as:
0 cq
uj; :{O 0}, (A-26)
where c4 represents the shear rate. It can be easily seen that w? , defined in equation A-8, becomes
2,2
N Cae ' (A-27)

4

Since o? <1 for finite aspect ratio particles, w? <0. Therefore, the second- and fourth-order orientation tensor
components for the simple shear flow simplify as:
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Si1=Ag (bl+b1b3 —bs+b3 - 2), (A-28)
1
S12 = 5A3b2(2—b1—b3) , (A-29)
1 2
822 = E A3 (bl - b1+ b1b3 + b3 - 2), (A'30)
) Y 2 )
Si111= EAg(bl+b3 2)“(4+by+5bs +2b3), (A-31)
__1p _ oy )
S1112= EABbZ(bl +b3 —2)°(1+bs), (A-32)
1
S1122 = A3(by +bg ~2)°(by + 201p3 +b3), (A-33)
_ 10 2
S1222 =75 A3by(by +bg —2)%(1+bg), (A-34)
) 2 2
52222 = EAS(b1+b3 —2) (4+ 2b1 +5b1+b3) y (A'35)
where
Ag= [(b1+ bs)? —4T1, (A-36)
200 . o
b;=1- sin“ wt, (A-37)
1+a
20, .
by, =— sin2wt , (A-38)
1+a?
200 . o
by =1+ sin“wt , (A-39)
1-a
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